The proof of such conjecture is reduced to a computational verification.
INTRODUCTION
A cocircuit in a connected matroid is said to be non-separating if its deletion results in a connected matroid. For a 3-connected graphic matroid, note that the non-separating cocircuits correspond to the stars of the vertices in its graphic representation.
Non-separating cocircuits play an important role in the understanding of the structure of graphic matroids, as we can see in some instances that follows. Non-separating cocircuits were first studied by Tutte [18] , in the cographic case, to give a characterization of the planar graphs. Tutte also proved that the non-separating cocircuits of the bond matroid of a 3-connected graph spans, over GF (2) , its cycle-space. Tutte's results was generalized by Bixby and Cunningham [1] , as we summarize in the following theorem, which was conjectured by Edmonds:
Theorem 1.1. Let M be a 3-connected binary matroid with at least 4 elements. Then (a) the non-separating cocircuits of M span its cocircuit-space, (b) each element of M is in at least two non-separating cocircuits, and (c) M is graphic if and only if each element of M is in at most two non-separating cocircuits.
Lemos, in [10] and [11] , proved results of similar nature as synthesized in the next theorem:
Theorem 1.2. Let M be a 3-connected binary matroid with at least 4 elements. Then (a) for e ∈ E (M), the non-separating cocircuits of M that avoid e span a hyperplane in the cocircuit-space of M, in particular e avoids at least r (M) − 1 cocircuits of M. Moreover, e avoids more than r * (M) − 1 non-separating cocircuits of M if and only if the set of the non-separating cocircuits of M avoiding e is linearly dependent, and (b) M is graphic if and only if each element of M avoids at most r * (M) − 1 non-separating cocircuits.
There are another characterizations of graphicness in binary matroids using non-separating cocircuits in Kelmans [7] , Lemos, Reid, and Wu [13] and Mighton [12] . Kelmans [6] gave a simple proof of Whitney's 2-isomorphism Theorem using non-separating cocircuits. Some algorithms for recognizing graphicness in binary matroids are based on concepts related to non-separating cocircuits, see Tutte [19] , Cunningham [4] , Mighton [12] and Wagner [16] . Theorems 1.1 and 1.2 identify two sets of obstructions for graphicness in a 3-connected binary matroid M. We define the set X (M) as the set of elements of M meeting more than two non-separating cocircuits and the set Y (M) of the elements of M avoiding more than r * (M) − 1 non-separating cocircuits. Equivalently, by Theorem 1. The following conjecture generalizes this last theorem.
In this paper we reduce the proof of Theorem 1.3 and Conjecture 1.4. The theoretical part of the proof of conjecture is included in this paper. The computational part is being prepared. The computational part of proof of Theorem 1.3 is ready, but not properly written yet. Because of these missing pieces this paper is a preliminary report. More precisely, the theoretical part of proof of Conjecture 1.4, reduces its proof to the verification of the following: 
SOME RESULTS IN CRITICAL 3-CONNECTIVITY
Let M and N be 3-connected matroids. We say that an element e ∈ E (M) is vertically Nremovable in M if co(M\e) is a 3-connected matroid with an N -minor.
We can summarize the dual versions of Lemma 3.4 and Theorem 3.1 of [17] and Theorem 1.3 of [3] in the following theorem: Theorem 2.1. Let M and N be 3-connected matroids. For k ∈ {1, 2, 3}, if M has an N -minor and r
then there is a k-coindependent set of M whose elements are vertically Nremovable in M.
If M and N are 3-connected matroids, we say that a set X ⊆ E (M) is N -removable if M\X is a 3-connected matroid with an N -minor. We also say that an element e ∈ E (M) is N -removable if {e} is N -removable. Now, we define a special structure that will be largely used along this article. When M is binary, we say that a list of distinct elements e 1 , e 2 , e 3 , f 1 , f 2 , f 3 of M is an N -pyramid with top T * := {e 1 , e 2 , e 3 } and base T := { f 1 , f 2 , f 3 } provided: 
LIFTING NON-SEPARATING COCIRCUITS FROM MINORS
We define R * A (M) as the set of non-separating cocircuits of M avoiding A. We may write 
Proof. Choose the ground set of co(M\e) satisfying condition (1) of Lemma 3.
is linearly dependent and, therefore, so is 
Corolary 3.3. Suppose that M is 3-connected binary matroid satisfying r * (M) ≥ 4. If e is an element of M such that co(M\e) is 3-connected, then we may choose the ground set of co(M\e) so that:
Proof. In this proof we set, for {i , j , k} = {1, 2, 3},
By orthogonality with T 2 and T 3 , it follows that {e 1 ,
Let us prove (b). First, we examine the case that C * ∩ T = . In this case, it is straight to check that M\C * is connected. It is just left to show that
Moreover, in this case, (b1) holds. So we may assume that C * ∩ T = . By orthogonality with T , we may suppose that 
. Consider, for {i , j , k} = {1, 2, 3}, the following subsets of {1, . . . , n}: 
* is a list of linearly dependent non-separating cocircuits of M avoiding e. This proves the first part of (c).
For the second part of (c), say that f 1 ∈ Y (M\T * ). Note that, as above, for e = f 1 The next lemma is a straight consequence of the submodularity of the rank function of a matroid. 
Lemma 3.7. Let M be a 3-connected binary matroid with a 3-connected minor N with r
and let l ∈ {0, 1, 2}. If r 
Proof. By Theorems 2.1 and 2.2, one of the two statements holds:
(i) M has an (l + 2)-coindependent set I := {e 1 , . . . , e (l +2) } whose elements are vertically Nremovable; or (ii) l = 2 and M has an N -pyramid e 1 , e 2 , e 3 , f 1 , f 2 , f 3 , with top T * .
By lemma 3.6, (i) implies (a). By lemma 3.4, (d), (ii) implies (b). The lemma is proved.
SOME INITIAL CASES
The proof of the next lemma is just a routine check.
Consider the partition of the vertices of K 3,3, into two stable sets V 1 and V 2 . For 0 ≤ j ≤ i ≤ 3, we define K We define a circuit C in a connected matroid M to be non-separating if C is a non-separating cocircuit of M * , that is, if M/C is connected. We also say that a circuit C of a 3-connected graph G is non-separating, if E (C ) is a non-separating circuit of M(G). It is remaining to prove (b). Note that in K ′′′ 3,3 ,✟ ✟ ❍ ❍ , the edgeavoids exactly the following nonseparating circuits:,,❍ ❍ ,✟ ✟ ,and, that constitute a linearly independent set. So, the orbitis contained in Y (M * (K ′′′ 3,3 )). But the representativeof the other orbit avoids the linearly dependent circuits,,and. This finishes the proof of (b) and of the lemma. The next lemma has a computer assisted proof that will be approached in Section 8.
Lemma 4.2. Suppose that M is a simple cographic matroid with an M
* (K 3,3 )-minor such that r * (M) = 5. Then (a) If M ≇ M * (K ′′′ 3,3 ), then Y (M) = E (M). (b) If M = M * (K ′′′ 3,3 ), then Y (M)
Lemma 4.4. Let M be a 3-connected binary matroid and e ∈ E (M). (a) If co(M\e
) ∼ = S 8 , then | Y (M)| ≤ 1. (b) If r * (M) = 4 and M ≇ S 8 , then Y (M) = E (M). Moreover | Y (S 8 )| = 1. (c) If co(M\e) is isomorphic to M * (K (i ,0) 3,3 ) for some i ∈ {0, 1, 2}, then Y (M) = E (M). (d) If M
has an element e such that co(M\e) ∼ = PG(3, 2)
* then E (M) = Y (M).
PROOF OF THE MAIN THEOREM
The statement of Theorem 1.3 just summarizes the lemmas proved in this section.
Lemma 5.1. If M is a regular matroid with a M
Proof. Suppose the M is a minimal counter-example to the lemma. By Lemma 4.3, r * (M) ≥ 6. So, by Lemma 3.7, for l = 0, M has a vertically M * (K 5 )-removable element e such that Y (co(M\e)) is non-empty; a contradiction to the minimality of M.
Lemma 5.2. If M is a non-graphic regular matroid with no M
Proof. 
Lemma 5.3. Suppose that M is a 3-connected non-regular binary matroid. Then
Proof. By theorem 1.3(i), we have that Y (S 2n ) ≤ 2. So it is enough to verify that Y (S 2n ) = . As S 2n is self-dual we prove the proposition by showing that a n avoids at most n −1 non-separating circuits of S 2n . Note that the spanning circuits of S 2n are not non-separating. It is not hard to verify that the non-spanning circuits of S 2n avoiding a n are those in the form {c, a i , b i }, for some 1 ≤ i < n −1, or in the form {a i , b i , a j , b j }, for some 1 ≤ i < j < n −1 (the reader may also see [15] , page 662). But c is a loop of the matroids in the form S 2n /{a i , b i , a j , b j }, which are, therefore, disconnected. Thus a n avoids at most n − 1 non-separating circuits.
Let n ≥ 3 and let V 1 and V 2 be the members of a partition of the vertex set of K 3,n into two stable sets, where |V 1 | = 3. Define K 
COMPLEMENTARY MATROIDS IN RELATION TO PROJECTIVE GEOMETRIES AND A HANDMADE CLASSIFICATION OF THE RANK-4 3-CONNECTED BINARY MATROIDS
From the uniqueness of representability of binary and ternary matroids, and from [15, 6.3 .15], we may conclude that:
)). Suppose that there is a matroid isomorphism ϕ : PG(s, q)|X → PG(s, q)|Y . Then, there is an automorphism Φ of PG(s, q) that extends ϕ and which restriction to E (PG(s, q)) − X is a matroid isomorphism between PG(s, q)\X and PG(s, q)\Y .
If, for q ∈ {2, 3}, M is a rank-r simple matroid representable over GF (q) we have, for s ≥ r − 1, well defined up to isomorphisms, the 
is isomorphic to a minor of N if, and only if, PG(s, q)\N is isomorphic to a minor of PG(s, q)\M.
Theorem 7.3. Let P := PG (3, 2) . Up to isomorphisms, all the rank-4 binary 3-connected matroids are: (3, 2) and M(W 4 ), up to 8 elements; The only possible degree sequences for simple connected graphs with 6 edges and 4 or 5 vertices are: (3, 3, 3, 3) , (2, 2, 2, 2, 4), (2, 2, 2, 3, 3) and (1, 2, 2, 3, 4) . Indeed, if 4 appear twice in such a sequence, then the graph has at least 7 edges. So 4 appears at most once. The sum of the degrees must be 12. So, as 4 appears at most once, 1 appears at most once too. Now it is easy to check that the possible sequence are those listed above. This implies that the unique simple matroids with 6 elements and rank up to 4 are:
Below we can see, in this order, a draw of K 3,3 and matrices representing M(K 2,3 ) and P\M(K 2,3 ): For a binary matrix A with columns labelled by 1, . . . , n and for an automorphism σ of M [A] it is straight to check that:
The next lemma is a straight consequence of Bixby's Theorem about decomposition of non 3-connected matroids into 2-sums. 
Lemma 8.3. If A is a binary matrix and M is a matroid with an element e such that M[A] ∼ = co(M\e) and |E (M)| − |E (A(M))| ≤ k, then M is isomorphic to a matroid represented by a matrix in L k (A).
The following lemma describe the procedures that are being used to prove Conjecture 1.5. 
